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Parametrization of Gaussian Approximation 
Potential for the Global Optimization of Magnesium 

Clusters MgN  (𝑁 ≤ 100)
Ilya S. Steshin1,2, Sergey V. Panteleev1, Igor V. Petukhov2, Stanislav K. Ignatov1

1 Lobachevsky University of Nizhny Novgorod, Nizhny Novgorod, Russia
2 Volga State University of Technology, Yoshkar-Ola, Russia

ABSTRACT

A two-stage GridSearch combined with active learning was employed to optimize GAP model 

parameters for Mg clusters, enabling reliable structural predictions in the extrapolative domain 

Mgn, n > 50. Global optimization using the parameterized GAP model revealed energetically 

favorable Mg51-Mg53 clusters, showing early onset of pyramidal core formation previously 

reported only from Mg54. Global optimization identified new global minima candidates for the 

"magic" Mg59, Mg69, Mg74 and Mg99 clusters.  The presence of hcp-like motifs doesn’t significantly 

influence structural stability in clusters with Mgn, n < 100, as no structural differences were 

observed between GM “magic” clusters and others of similar size. 

INTRODUCTION

Subnano- and nanoscale clusters have unique physicochemical properties that distinguish 

them from nanoparticles, mono- and polycrystalline materials. These properties include enhanced 

catalytic activity and adsorption capacity, discrete energy levels, nonlinear optical behavior, and a 

strong dependence of structural and electronic characteristics on the number of atoms in the cluster. 

These features arise primarily due to lower coordination numbers and the prevalence of atoms with 

unsaturated valence. By changing the size and shape of a cluster, one can tune these properties1–8.

The most significant variations in structure, catalytic activity, and reactivity are observed in 

clusters containing between 2 and 150 atoms (the subnanometer size range), where the influence 
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of each individual atom is significant1,3. For instance, in Ptn clusters, the adsorption energy 

approaches its limiting value (i.e., the adsorption energy on a crystalline surface) only when n > 

1479.

At the same time, metal clusters in this size range exhibit a high degree of structural 

variability, and predicting their structures using simple chemical or physical principles remains an 

unresolved challenge. Reliable predictions of subnanometer cluster structures and their properties 

are currently only feasible through direct quantum chemical computations at the DFT or ab initio 

level. However, such calculations, even for clusters with a relatively small number of atoms, are 

computationally expensive and complicated by issues such as self-consistent field (SCF) 

convergence and the need to consider multiple spin states.

In recent decades, machine learning (ML)-based interatomic potentials have emerged as 

powerful tools for modeling interatomic interactions. These potentials, now widely applied across 

chemistry, physics, and materials science, can achieve so-called quantum accuracy due to the large 

number of parameters involved, enabling them to approach the precision of DFT across a broad 

range of nuclear configurations10–13. Nonetheless, the accuracy, speed, and reliability of a given 

potential strongly depend on the ML algorithm employed and the representation of atomic 

configurations—that is, the choice of descriptors used as input features10,14–16.

Currently, several approaches of ML-based interatomic potentials have been developed, 

including: GAP17, HDNNP18, SNAP19, MTP20 and ACE21.  All of these models are trained on 

datasets including quantum chemical calculations of the systems of interest. The quality and 

diversity of the training dataset critically influence the performance of the resulting model, making 

dataset preparation a key step in the construction of a robust interatomic potential10,22,23.

Among metal clusters, magnesium clusters represent an interesting subject of investigation 

and modeling. These clusters possess a range of useful properties, including a high hydrogen 

adsorption capacity, making them promising candidates for hydrogen storage applications24,25. At 
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present, a significant amount of data on the structure of Mgn n <50 clusters has been accumulated26–

31, extending this research to larger clusters n > 50 remains computationally demanding.

Therefore, the present study aims to develop a GAP-based interatomic potential with high 

accuracy and extrapolation capability to facilitate the efficient search for low-energy structures of 

Mgn n > 50 clusters and to enable further investigation of their properties. In this work, we 

employed extended datasets previously generated through direct global optimization (GO) of 

Mg27-Mg32
27 clusters, as well as additional datasets for Mg33-Mg56

28,29, obtained from other studies, 

to train the GAP model. Based on the resulting parametrized GAP model, we performed GO in the 

nuclearity range of n = 40-60, 68-70, 73-75, 98-100.

MATERIALS AND METHODS

Gaussian Approximation Potential (GAP)

GAP (Gaussian Approximation Potential) is a type of ML interatomic potential used to 

construct potential energy surfaces (PES) by employing Gaussian Process (GP) regression to 

predict the energies, forces, and stresses in atomic systems23,32. 

In the process of fitting the PES for atomic systems, it is assumed that the total quantum-

mechanical energy can be decomposed into local energy contributions 𝐸𝑑 which depend on 

descriptors x10,22,32

𝐸𝑡𝑜𝑡𝑎𝑙 =  

𝑁𝑑𝑒𝑠𝑘

𝑑
𝐸𝑑 (𝑥)

where 𝑁𝑑𝑒𝑠𝑘 — denotes the number of descriptors describing the local contribution to the total 

energy 𝐸𝑡𝑜𝑡𝑎𝑙.  In GAP, each local energy term 𝐸𝑑 is modeled as an independent GP

𝐸𝑑(𝑥) =  

𝑀𝑑𝑒𝑠𝑘

𝑚=1
𝑐𝑚𝑘𝑑(𝑥,𝑥𝑚)
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where  𝑀𝑑𝑒𝑠𝑘 — is the number of representative points of the descriptor 𝑑,  𝑘𝑑 — is the kernel 

(covariance or similarity function), and  𝑐𝑚 — fitting coefficients. These coefficients 𝑐𝑚 are fitted 

using a reference database of atomic configurations, in which the corresponding total energies and 

derivative quantities such as forces are obtained from quantum mechanical calculations.

The kernel function 𝑘𝑑 can take various forms, such as the squared exponential kernel 𝑘𝑆𝐸
𝑑  

or the dot-product kernel 𝑘𝐷𝑃
𝑑

𝑘𝑆𝐸
𝑑 =  𝑒―𝑟2

𝑟 =  
𝐷

𝑖=1

(𝑥𝑖 ―  𝑥′
𝑖)2

2𝜃2
𝑖

𝑘𝐷𝑃
𝑑 = (𝑥∙ 𝑥′)𝜁

where  𝜃 and 𝜁 – are the hyperparameters of the GAP model and 𝑥, 𝑥′ - are a pair of descriptors of 

dimensionality D. In the present work, Smooth Overlap of Atomic Positions (SOAP)23  and two-

body (2b)33 descriptors were used to describe the atomic environments in Mg clusters.

Training Data for GAP Model

The training dataset for the GAP model was composed of Mg27-Mg55 cluster structures 

collected from multiple studies. The majority of the structures were taken from a GO study of Mgn, 

n<32 clusters27,34,35. 

The dataset included only the unique structures of the Mg27-Mg32, defined as those for 

which differences in sorted interatomic distances or principal moments of inertia exceeded 5% for 

all pairs of structures in the dataset.  Additionally, structures with a minimum interatomic distance 

below 2.5 Å or a maximum above 15 Å were excluded, as well as metastable structures with 

positive binding energy.

The focus on the nuclearity range n = 27-32 was primarily due to the limited availability 

of structural data for larger clusters Mg33-Mg56
28,29. A total of 2923 unique structures were selected 

for Mg27-Mg32, including 54 structures for Mg31 and Mg32. 
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For Mg33-Mg56, 565 structures were sourced from two studies28,29 and consisted of low-

lying isomers; for Mg56, only the global minimum (GM) structure was available28. Single-point 

(SP) energy calculations were performed on these structures with a SCF convergence threshold of 

10-5 Hartree. Additionally, 316 SP-calculated structures of Mg46-Mg50 were included in the dataset 

through an active learning process using the same SCF convergence criteria.

The data were divided into two datasets: a training dataset composed of clusters Mg27-Mg40 

and Mg46-Mg50 and a test dataset composed of clusters Mg41-Mg45 and Mg51-Mg55. This 

partitioning allowed for evaluation of both the interpolation and extrapolation capabilities of the 

model. In total, the datasets used for training and testing consisted of 3556 and 248 structures, 

respectively.

All quantum chemical calculations were performed using density functional theory (DFT) 

with the GAUSSIAN software package36 at the BP86/6-31G(d) level of theory. This level has 

previously shown good agreement with higher-level MP2 and CCSD calculations for small 

magnesium clusters30,31, and has been successfully applied to determine the structure and 

physicochemical properties of Mg2-Mg32 clusters27,34.

Selection of Parameters for the GAP Model

A two-stage GridSearch37–39 process followed by active learning22,23 was used to optimize 

the GAP model parameters (Figure 1). GridSearch is an efficient method for parameter tuning and 

is widely used in regression and classification tasks37,40–42. The root-mean-square error of the 

binding energy 𝑅𝑀𝑆𝐸(𝐸𝑏𝑜𝑛𝑑𝑠) for Mg55 clusters was used as the primary metric for model 

selection. Mg55 clusters provide a dataset with the maximum degree of model extrapolation, 

making them particularly suitable for testing purposes: 

𝐸𝐺𝐴𝑃/𝐷𝐹𝑇
𝑏𝑜𝑛𝑑𝑠

 
=  𝐸𝐺𝐴𝑃/𝐷𝐹𝑇

𝑡𝑜𝑡𝑎𝑙 ― 𝑛 ∙ 𝐸𝐷𝐹𝑇(𝑀𝑔1)
𝑡𝑜𝑡𝑎𝑙    

∆𝐸𝑏𝑜𝑛𝑑𝑠 =
𝐸𝐺𝐴𝑃

𝑏𝑜𝑛𝑑𝑠 ―  𝐸𝐷𝐹𝑇
𝑏𝑜𝑛𝑑𝑠

𝑛
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𝑅𝑀𝑆𝐸(𝐸𝑏𝑜𝑛𝑑𝑠) =  
𝑁

𝑖
(∆𝐸𝑏𝑜𝑛𝑑𝑠)2

𝑁
,

where n – is the number of atoms in the Mgn cluster, N – is the number of structures in the Mgn 

dataset.

In the first stage, GridSearch was applied to optimize the parameters of the SOAP 

descriptors, which are necessary for constructing the many-body component of the potential. The 

second stage involved optimizing the parameters of the two-body (2b) descriptors, using the 

previously determined SOAP parameters, to improve the description of short-range 

interactions23,33. Throughout both stages, the full training dataset was used for the fitting of the 

GAP-SOAP and GAP-2b models.

Following this, a GO was conducted for the Mg56 cluster, which is the most extrapolative 

system relative to the training data, using the Minima Hopping (MH) algorithm43,44. If the known 

GM structure of Mg56 was not identified, GO procedures were performed for Mg46-Mg50 clusters, 

followed by SP DFT calculations of several (from 5 to 20) isomers. Then Mg46-Mg50 structures 

were added into the training dataset. 

The two-stage GridSearch and active learning cycle was repeated until the GAP model 

successfully predicted the structure corresponding to the known GM of the Mg56 cluster. 
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(а)

(b)
GAP-SOAP GAP-2b

Cutoff, Å 7.0 Cutoff, Å 4.0
𝑘𝑑 Dot-product 𝑘𝑑 ARD-SE
𝛿 0.1 𝛿 1.5
𝜁 2.0 𝜃 1.0
𝜎 0.9

𝑙𝑚𝑎𝑥 12
𝑛𝑚𝑎𝑥 12

Figure 1. (a) Fitting of the GAP model using a two-stage GridSearch and active learning 
approach (b) Optimal GAP model parameters selected after GridSearch.
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Global Optimization of Magnesium Clusters

There are two primary approaches to using ML interatomic potentials in GO tasks.  The first 

approach involves constructing an "on-the-fly" potential. In this case, the potential is either 

developed during the GO process using quantum chemical methods for each nuclearity or trained 

on a precompiled dataset that includes structures with varying numbers of atoms. The potential is 

actively used at each step of GO, and each local minimum identified is subsequently refined 

through quantum chemical calculations. The advantage of this approach is that the ML interatomic 

potential does not need to achieve high accuracy, as each local minimum is ultimately verified by 

quantum mechanical methods. However, this strategy does not fully resolve the computational 

burden for larger systems45–47. As system size increases, the number of necessary quantum 

chemical calculations remains significant, since tens of calculations may still be required to reach 

the GM.

The second approach focuses on fitting a more accurate ML interatomic potential that 

provides a set of k initial candidate structures, among which the GM is expected to be present, 

subsequently verified via quantum chemical methods. This approach demands more careful 

selection of model hyperparameters, construction of a robust training dataset, and the use of active 

learning22,23,48–50. Its key advantage lies in maintaining a constant number of quantum chemical 

calculations regardless of system size, as the entire GO process is conducted using the ML 

potential (Figure 2).  
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Figure 2. Local DFT optimization of the GM structure found during GO using a machine 
learning potential (MLP)

In this work, the second approach was implemented, enabling the identification of new GM 

for Mg51-Mg53 clusters. The MH algorithm was employed for GO. The MH was configured with 

the following parameters: a temperature of 2000 K, 200 molecular dynamics (MD) iterations, and 

a stopping criterion (mdmin of original program) equal to 60 – the number of minima visited before 

stopping the MD during one iteration. 

For each nuclearity, the MH algorithm was initiated from five randomly generated structures 

differing either in the sorted interatomic distances or in the principal moments of inertia, with 

differences of at least 5%. In some cases, isomers from previous studies were also used as starting 

points to ensure that the GAP model didn’t induce significant deformation of known structures 

during GO.

The resulting set of structures from GO was processed to identify structurally unique 

configurations based on the analysis of Goedecker’s fingerprints51 — that is, the eigenvalues of 

the overlap matrix of auxiliary Gaussian s,p-functions centered on atomic nuclei. This analysis 

was performed using the [https://github.com/skignatov/StrDiscr2-release] tool, previously 

successfully applied to GO of Mg2-Mg32 clusters27. After identifying unique isomers, the ten 

lowest-energy structures were selected as starting points for local DFT optimizations.
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Calculation of the Binding Energy of Magnesium Clusters

To analyze the variation of energetic properties with changes in the number of atoms, the 

average binding energy per atom 𝐸𝑏𝑜𝑛𝑑, was calculated according to the following equation:

𝐸𝑏𝑜𝑛𝑑 =  
𝐸𝑡𝑜𝑡 ― 𝑛 ∙  𝐸𝑀𝑔1

𝑛
 

where 𝐸𝑡𝑜𝑡 – is the total energy of the cluster, n – is the number of atoms in the cluster, 𝐸𝑀𝑔1

=  ― 200.0696953 Hartree – is the total energy of a single Mg atom in vacuum (DFT: BP86/6-

31G(d)).

Comparison of the Atomic Environments of Magnesium Clusters with Crystalline Lattices

The similarity of atomic environments in Mgn clusters to crystalline lattices - hcp (a=3.209 

Å, c = 5.211 Å), fcc (a=3.209 Å), bcc (a=3.209 Å) was assessed using SOAP descriptors (𝑙𝑚𝑎𝑥

= 12, 𝑛𝑚𝑎𝑥 = 12, 𝜎 = 0.4) with cutoff radii of 3.209 Å, 5.211 Å - corresponding to the Mg hcp 

lattice parameters52 and 4.0 Å, 7.0 Å the optimal cutoff radii determined via GridSearch. Cosine 

distance 𝑑𝑐𝑜𝑠𝑖𝑛𝑒 between SOAP vectors was used as a measure of similarity between the atomic 

environments of the cluster and the crystalline lattices. Atomic environments were considered 

equal at a threshold 𝑑𝑐𝑜𝑠𝑖𝑛𝑒 < 0.01. The threshold of 0.01 was defined as the minimum difference 

between atomic environments among crystal lattices at the cutoff radii - 3.209, 4.0, 5.211 and 7.0 

Å. 

𝑑𝑐𝑜𝑠𝑖𝑛𝑒 = 1 ―  𝑣1∙𝑣2

||𝑣1||  ||𝑣2||,

где 𝑣1, 𝑣2 - are the normalized to the [0, 1] range SOAP vectors , 𝑣1 ∙ 𝑣2 -  the dot product of 

vectors 𝑣1 and 𝑣2, ||𝑣1||, ||𝑣1|| - are the vectors 𝑣1 and 𝑣2 norm. Atomic environments were 

considered similar when the 𝑑𝑐𝑜𝑠𝑖𝑛𝑒 between their SOAP vectors was less than 0.05. The 

construction of crystalline lattices and the calculation of SOAP vectors were performed using the 

python libraries ASE53 and DScribe54.
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RESULTS AND DISCUSSION

Model training

The deviation in energy estimates for the training and test datasets, predicted by the trained 

GAP model with optimized parameters, relative to the DFT results is presented in Figure 3. The 

average 𝑅𝑀𝑆𝐸(𝐸𝑏𝑜𝑛𝑑𝑠) across all cluster sizes is 0.149 and 0.107 kcal/(mol·atom) for the test and 

training datasets, respectively. For the training dataset excluding Mg27–Mg30, the average 𝑅𝑀𝑆𝐸

(𝐸𝑏𝑜𝑛𝑑𝑠) is 0.121 kcal/(mol·atom). The Pearson correlation coefficient for the training dataset was 

> 0.90 in most cases, and > 0.85 for the test dataset (Figure 3 (a, b)). Regression plots of individual 

n show good convergence with DFT for training datasets (Figure 3 (c, d)). For interpolation and 

extrapolation of individual n datasets, there is an upward bias in cluster energy estimates, but the 

correlation remains high (Figure 3 (e, f)).

These metrics are comparable to the accuracy achieved by other machine learning models 

applied to similar tasks of cluster structure prediction: 𝑅𝑀𝑆𝐸(𝑁𝑏𝑛𝑂𝑚;𝐸𝑏𝑜𝑛𝑑𝑠) =  0.992 

kcal/(mol·atom)12, 𝑅𝑀𝑆𝐸(𝐴𝑢𝑛;𝐸𝑏𝑜𝑛𝑑𝑠) = 0.121 kcal/(mol·atom)48, 𝑅𝑀𝑆𝐸(𝐴𝑢𝑛;𝐸𝑏𝑜𝑛𝑑𝑠) = 0.208 

kcal/(mol·atom)49, 𝑅𝑀𝑆𝐸(𝑁𝑎𝑛;𝐸𝑏𝑜𝑛𝑑𝑠) = 0.208 kcal/(mol·atom)55, 𝑅𝑀𝑆𝐸(𝐶𝑢𝑛;𝐸𝑏𝑜𝑛𝑑𝑠) = 0.090 

kcal/(mol·atom)56, 𝑅𝑀𝑆𝐸(𝑀𝑔𝑛𝐻𝑚;𝐸𝑏𝑜𝑛𝑑𝑠) = 0.721 kcal/(mol·atom)57.
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(a) (b)

(c) (d)

(e) (f)

Figure 3. Prediction accuracy of the model on the training and test datasets: (a) – 𝑅𝑀𝑆𝐸
(𝐸𝑏𝑜𝑛𝑑𝑠), (b) – Pearson correlation coefficient. Regression plots for training dataset: (c) - Mg28, 

(d) – Mg48 and test dataset: (e) – Mg41, (f) – Mg54.
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GO of Mg42, Mg44 and Mg46-Mg56 clusters

The comparison of the binding energy per-atom from DFT calculations of the 10 lowest-

energy isomers found during the GO of Mg42, Mg44, Mg46-Mg56 clusters using the parameterized 

GAP model with previously known GMs28,29 is shown in Figure 4(a). The largest scatter of 

energies after DFT relaxation within a single nuclearity is observed for Mg42 and Mg44. In contrast, 

a relatively tighter energy redistribution after DFT relaxation is seen for clusters with n > 50 such 

as Mg52 and Mg53 (Figure 4(b)). Changes in the ranking of the energies of the structures among the 

10 lowest isomers after DFT relaxation are observed for both Mg42, Mg44 and Mg52, Mg53. The 

distribution of energies for Mg51-Mg56 is comparable to that for the training dataset clusters Mg46-

Mg50 (Figure 4(a)).

Thus, the GAP model shows weak interpolation properties, meaning it demonstrates lower 

accuracy when predicting structures of smaller clusters Mg42, Mg44, that were not included in the 

training dataset. The number of metastable structures obtained during the MH optimization was in 

the range of 400-600 structures regardless of the area of applicability of the GAP model: 

interpolation, training or extrapolation dataset (Figure 4(c)). 

(a)
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(b)

(c)

Figure 4. (a) Distribution of DFT binding energies per-atom for the 10 lowest-energy isomers of 
Mg42, Mg44, Mg46-Mg56 after GO. (b) Comparison of GAP/DFT binding energies per-atom for 
the 10 lowest-energy isomers of Mg42, Mg44, Mg52 and Mg53. The DFT-evaluated structures of 

the lowest-energy isomer are visualized. (c) The number of metastable structures obtained during 
the MH optimization.

When analyzing the structure of sub-nanometer clusters, an important characteristic is the 

nuclearity and shape of the so-called "core" of the cluster, i.e., the inner set of atoms hidden under 

a shell of surface atoms58–60. Small clusters do not have a core at all — every atom is accessible 

from the surface. As the cluster size increases to n=15-30, one, two, or three atoms become 
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inaccessible from the surface9,34,45,55. These early cores are typically linear or planar. With further 

growth, cores with higher nuclearity appear, capable of adopting various geometries. The 

nuclearity at which a core forms, as well as its geometry, are characteristic features that can be 

used to analyze the similarity or differences in structure prediction methods. Moreover, correctly 

reproducing the cluster shell structure is critical for accurate surface energy evaluation28.

For Mg42 the energy difference between the known GM and the structure predicted by the 

GAP model is 0.225 kcal/(mol·atom). This value noticeably higher than expected model’s 

accuracy 𝑅𝑀𝑆𝐸(𝐸𝑏𝑜𝑛𝑑𝑠) = 0.149 kcal/(mol·atom) on the test dataset.

During the GO of Mg44 isomers based on the GAP model, the previously reported GM 

structure28,29 was found among the 10 isomers. However, considering the significant scatter of 

energy among the 10 lowest-energy isomers for Mg42 and Mg44 (Figure 4(b)), the prediction 

accuracy for clusters with n < 50, not included in the training dataset, is relatively lower compared 

to Mg46-Mg55 (Figure 4(a)). This highlights the necessity of including all clusters with n < 50 in 

the training dataset for better structural prediction within this nuclearity range. 

Despite the low scatter of energy  and the proximity of the energies of the 10 lowest isomers 

to the GM energies found during the GO of Mg46-Mg50 clusters (Figure 4(a)), the GAP model 

reproduced the previously reported DFT-based GM structure28 only for Mg46 (Table 1).

For Mg48, the GAP model predicted a previously unknown structure very close in energy to 

the reported GM28 — the difference in binding energy is 0.01 kcal/mol  (Table 1). For Mg47, the 

model found a core structure similar to the reported GM29, with a binding energy difference of 

0.08 kcal/mol (Table 1). In case Mg49, Mg50, significant deviations were observed both in the core 

and shell structures compared to the reported GMs28,29. However, the energy differences between 

the known GMs and the structures predicted by the GAP model remain within the model’s 

accuracy on the training dataset 𝑅𝑀𝑆𝐸(𝐸𝑏𝑜𝑛𝑑𝑠) = 0.121 kcal/(mol·atom) and equal 0.023 and 

0.110 kcal/(mol·atom) for Mg49 and Mg50, respectively (Table 1).
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During the GO of Mg51-Mg56 clusters using the parameterized GAP model, new GMs were 

discovered for Mg51-Mg53, demonstrating a clear trend toward forming pyramidal core structures 

(Table 1). Additionally, the model accurately reproduced previously known GMs28,29 for Mg55 and 

Mg56 (Table 1). Deviations from the previously known GM28 were observed only for Mg54, whose 

predicted structure differed in shell configuration (Table 1). The binding energy difference 

between the known GM and the GAP-predicted structure for Mg54 is 0.148 kcal/(mol·atom), which 

also falls within the 𝑅𝑀𝑆𝐸(𝐸𝑏𝑜𝑛𝑑𝑠) = 0.149 kcal/(mol·atom) for the test dataset.
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Table 1. Low-energy structures and core structures of Mg42, Mg44 and Mg46-Mg56 clusters with 
𝐸𝐷𝐹𝑇

𝑏𝑜𝑛𝑑𝑠 (kcal/(mol)), predicted by the GAP model and reported in previous studies. Structures 
relaxed using DFT: BP86/6-31G(d).

GAP (this work) Mueller’s group29 Goedecker-Kanhere’s 
group28

Mg42

―783.7
C1

―790.78
C1

―793.16
C1

Mg44

―844.37
C1

―844.36
C1

―844.37
C1

Mg46

―892.67
C1

―889.61
C1

―892.63
C1

Mg47

―915.49
C1

―915.57
C1

-

Mg48

―934.28
C1

―930.95
C1

―934.27
C2

Mg49

―954.05
C1

―955.16
C1

-
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Mg50

―975.52
C2

―975.02
C1

―981.02
C1

Mg51

―1004.24
C1

―996.76
C1

-

Mg52

―1032.16
C1

―1021.85
C1

―1027.96
C3

Mg53

―1052.86
C1

―1047.95
C1

-

Mg54

―1070.62
C1

―1072.13
C1

―1078.63
C1

Mg55

―1108.47
C1

―1094.72
C1

―1108.46
C1

Mg56

―1139.04
C1

-

―1138.95
C1
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GO of Mg57-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 clusters

The parameterized GAP model demonstrated good predictive capability for the structures of 

Mg51-Mg56 clusters, which were not included in the training set. Thus, the GAP model is effective 

extrapolation tool for exploring the structures of clusters with a larger number of atoms than in the 

training dataset.

Accordingly, GO was performed for the Mg59, Mg69, Mg74, Mg99 clusters, which are known 

as "magic" structures, appearing as the most intense peaks in mass spectra61 as well as for their 

neighboring clusters Mgn 𝑛 ± 1.

The pyramidal core structure observed at n = 51 is predicted by the GAP model to be 

preserved at least up to n = 60. The GMs of the Mg68-Mg70, Mg73-Mg75 predicted using the GAP 

model, show an evolution of the pyramidal core structure of Mg51-Mg60 by adding a 7-atom base 

in the form of a hexagon with a central atom. Thus, the cores of the Mg68-Mg70 and Mg73-Mg75 

acquire multiple equivalent planes in the form of hexagons with a central atom (Table 2).

For the GMs of the Mg98-Mg100 clusters, no further evolution of the pyramidal core structure 

was observed during the GO process. The absence of a common core structure for Mg98-Mg100, 

similar to Mg68-Mg70 and Mg73-Mg75, may indicate either the accumulation of a sufficient number 

of atoms leading to a transition from a small-cluster state to a state closer to bulk, or an insufficient 

number of starting structures/iterations during the GO process to find the "true" GM similar to 

those found for Mg68-Mg70 and Mg73-Mg75 (Table 2).

Table 2. Low-energy structures of Mg57-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 with 𝐸𝐺𝐴𝑃
𝑏𝑜𝑛𝑑𝑠 

(kcal/(mol)), predicted by the GAP model.
Cluster 

structure
Cluster 

core 
structure 

Cluster 
structure

Cluster 
core 

structure 
Mg57

―1157.67
C1

Mg73

―1567.83
C1
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Mg58

―1182.01
C1

Mg74

―1594.94
C1

Mg59

―1205.03
C1

Mg75

―1621.42
C1

Mg60

―1232.36
C1

Mg98

―2254.86
C1

Mg68

―1435.51
C1

Mg99

―2284.09
C1

Mg69

―1462.12
Cs

Mg100

―2318.18
Cs

Mg70

―1492.30
Cs
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Change in the distances from the COM of Mg39-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 
clusters

Analysis of the distances from the center of mass (COM) of the Mg39-Mg60, Mg68-Mg70, Mg73-

Mg75, Mg98-Mg100 clusters (Figure 5) didn’t reveal any clear highly ordered structures similar to 

the Na clusters62. The stepwise nature of the accumulation of atoms in most cases is associated 

with the formation of the core structure. For Mg98-Mg100 clusters, the transition from core atoms 

to shell atoms has a weakly expressed character. But all clusters in this range have a stepwise 

transition at a distance from 3.5 to 4.5 Å. For clusters n ≤ 51, this transition is associated with the 

end of the accumulation of cluster core atoms, and for n > 51, a stepwise accumulation of atoms 

begins to appear already inside the core structure. It was also not revealed that the stepwise nature 

of the accumulation of atoms for the cluster structure correlates with magic numbers in the range 

n=39-100 for magnesium clusters.
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Atom number

Figure 5. The distances from the COM for each atom ordered in the increasing fashion for the 
GM Mg39-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 of clusters. The red line indicates the 

number of atoms in the cluster core. 
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Change in the Binding Energy of Mg39-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 clusters

Figure 6(a) shows the change in the average binding energy per atom for the GMs of the 

Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 clusters identified in this and previous studies28,29.  The 

GMs of the "magic" structures Mgn n = 40, 47, 56 clearly demonstrate a trend of lowered binding 

energy per atom compared to 𝑛 ± 1 neighboring structures, which correlates well with the 

experimental synthesis of magnesium clusters in a helium environment61. Similarly, the GMs of 

the Mgn n = 44, 52 clusters show an energetic advantage over 𝑛 ± 1 neighboring structures in 

Figure 6(a), although they are not observed experimentally, possibly due to specific experimental 

conditions58.

The absence of minima in the binding energy per atom for the Mgn n = 59, 69, 74, 99 clusters 

compared to their 𝑛 ± 1 neighbors characterized by the GAP model. For the Mg51-Mg56 region of 

high GAP model accuracy, the change in binding energy with increasing n is almost linear, 

resulting in the absence of distinct minima for Mg52 and Mg56. Thus, the parameterized GAP 

model, without further DFT calculations, cannot serve as a reliable tool for assessing the stability 

of "magic" structures relative to 𝑛 ± 1 neighboring clusters Figure 6(b). 
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(a)

(b)

Figure 6. (a) Change in the average binding energy per atom for low-lying isomers and GMs of 
the Mg39-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 obtained in this work or from previous 
studies28,29; (b) Change in the average binding energy per atom according to DFT and GAP 

predictions for the GMs of the Mg51-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100.  The GMs are 
connected by solid lines (DFT) and dashed lines (GAP); structures exhibiting a lower binding 

energy per atom compared to neighboring clusters or corresponding to "magic" structures61 are 
marked by vertical dashed lines. If the cluster structures Mgn obtained in different studies were 

identical, they are represented on the graph according to the earliest study.
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Change in the contribution of hcp, bcc, and fcc lattice motifs in Mg39-Mg60, Mg68-Mg70, Mg73-

Mg75, Mg98-Mg100 clusters.

When analyzing the atomic environments of the Mg39-Mg56 clusters, no fcc and bcc crystal 

lattice motifs were detected. However, a significant fraction of atomic environments characteristic 

of the hcp lattice is observed. The detected hcp-like motifs in the Mg39-Mg100 clusters can be either 

atoms on the cluster surface or atoms in the cluster core. 

The fraction of hcp-like atoms for Mg39-Mg50 fluctuates chaotically between 0.0 and 0.5 

depending on the nuclearity and cutoff radius. For Mg50-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-

Mg100 clusters a more stable fraction of hcp-like atoms is observed (Figure. 7). 

The highest fraction of hcp-like atoms within the clusters across all nuclearities is observed 

at the cutoff radius of 3.209 Å. This indicates that clusters Mgn, n = 39–50 exhibit hcp-like local 

environments at short interatomic distances. For n > 50, more correlated estimates of the hcp-like 

atom fraction between different cutoff radii are observed. This may suggest the formation of hcp-

like environments at longer interatomic distances (Figure. 7).

The GM structures of Mg68-Mg70, Mg73-Mg75, Mg98-Mg100 predicted using the GAP model 

show no strong correlated growth in the fraction of hcp-like atoms with increasing cluster size 

(Figure. 7). 

No structural differences in the content of hcp-like atoms were found between the GM 

structures of “magic” clusters and clusters with other nuclearities. Thus, the presence of crystal 

lattice motifs in the cluster structure is not a critical criterion for the stability of n < 100 clusters. 
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Figure 7. Change in the fraction of hcp-like atoms in the cluster structures
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CONCLUSION 

The proposed two-stage GridSearch approach combined with active learning for optimizing 

GAP model parameters enabled the construction of an interatomic potential for Mg clusters that 

allows structural prediction in the extrapolative domain n > 50. GO performed using the 

parameterized GAP model led to the discovery of previously unknown, energetically more 

profitable GMs for Mg51-Mg53 clusters, which also exhibit more ordered structures compared to 

those reported earlier. These newly identified Mg51-Mg53 GMs show a tendency toward the 

formation of pyramidal cores starting from Mg51, in contrast to previous reports suggesting the 

onset at Mg54
28,29.

The parameterized GAP model results in less energetically profitable structures for clusters 

in the interpolative domain of the model - Mg42, Mg44, as well as in its training domain - Mg47, 

Mg49 Mg50. This effect is likely due to a strong dependence of the atomic energy contributions and 

local environments on the overall cluster size for n < 51.

As a result of GO using the GAP model, potentially possible GMs structures were identified 

for Mg57-Mg60, Mg68-Mg70, Mg73-Mg75, Mg98-Mg100, clusters, including the “magic” Mg59, Mg69, 

Mg74 and Mg99 structures. A difference in core structure formation was observed between Mg39-

Mg60, Mg68-Mg70, Mg73-Mg75 and Mg98-Mg100 clusters. For the Mg98-Mg100 clusters don’t exhibit 

a tendency to form a clear structure of the core similar to the Mg39-Mg60, Mg68-Mg70, Mg73-Mg75. 

Thus, as 𝑛→100, a transition from a small cluster condition to a state resembling bulk material 

may occur.  However, the fraction of hcp-like atoms in Mg98-Mg100 clusters remains lower to that 

of Mg73-Mg75 

No structural differences were found in the hcp-like atomic content between GM “magic” 

clusters and other clusters of similar sizes. Thus, the presence of crystalline lattice motifs within a 

cluster structure does not appear to be a critical criterion for structural stability in n < 100 clusters.
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ASSOCIATED CONTENT

The code for training the model and performing the analysis was written in Python v3. 

Additionally, the libraries NumPy63, SciPy64, Scikit-learn65, Pandas66 and Matplotlib67 were used 

for data processing. The trained model and source code are available on GitLab 

[https://gitlab.com/vihuhol188/gap_mg_clusters].
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The trained model and source code are available on GitLab
https://gitlab.com/vihuhol188/gap_mg_clusters
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