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Abstract

Quantum computational chemistry holds great promise for simulating molecular systems more
efficiently than classical methods by leveraging quantum bits to represent molecular wavefunctions.
However, current implementations face significant limitations in accuracy due to hardware noise
and algorithmic constraints. To overcome these challenges, we introduce a hybrid framework that
learns molecular wavefunction using a combination of an efficient quantum circuit and a neural
network. Numerical benchmarking on molecular systems shows that our hybrid quantum-neural
wavefunction approach achieves near-chemical accuracy, comparable to advanced quantum and
classical techniques. Based on the isomerization reaction of cyclobutadiene, a challenging multi-
reference model, our approach is further validated on a superconducting quantum computer with

high accuracy and significant resilience to noise.

u 1. INTRODUCTION

2 Quantum computers leverage quantum effects to store and manipulate data, making them
13 particularly suitable for the simulation of microscopic quantum systems [1-3]. The Varia-
12 tional Quantum Eigensolver (VQE) algorithm is the most widely adopted framework for
15 quantum computational chemistry [4-9]. The key component of the VQE algorithm is the
16 parameterized quantum circuit, which learns the quantum state of the system under study
17 variationally [10]. The challenge of VQE lies in striking a delicate balance between circuit
18 depth and accuracy [11-14]. While deeper circuits tend to improve accuracy, they also make
10 the algorithm more sensitive to noise and and can suffer from barren plateaus [15]. In con-
20 trast, shallow circuits may not capture the system’s complexity adequately. Parallel to the
2 evolution of VQE, Neural Networks (NNs) have shown remarkable success in representing
» quantum wavefunctions of chemical systems [16]. Based on variational Monte Carlo, these
23 NNs are trained to minimize the energy expectation, similar to the VQE approach. Efforts
24 along this line include DeepWF [17], FermiNet [18], PauliNet [19], QiankunNet [20], and
25 50 on [21-24]. Thanks to the expressive power of NNs, these methods demonstrate accu-
26 racy comparable to Coupled Cluster with Single and Double excitations (CCSD) but with
o significantly lower computational scaling, typically O(N?).
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26 The success in these new wavefunction representations has inspired the development
20 of hybrid quantum-neural wavefunctions, where quantum circuits and neural networks are
s jointly trained to represent the wavefunction of quantum systems [25]. In this hybrid ap-
a1 proach, quantum circuits are responsible for learning the quantum phase structure of the
2 target state, which is a difficult task for neural networks alone [26], and the neural network
33 correctly describes the amplitude. The combination of quantum computation and varia-
s tional Monte Carlo has also demonstrated considerable potential in simulating quantum
35 systems [27], and the inclusion of neural networks significantly enhances the expressiveness
36 of trial wave functions, thereby leading to more accurate and scalable simulations. The in-
37 tersection between quantum computing and machine learning, known as quantum machine
s learning, is developing at a rapid pace [28-31]. Chemistry applications include the construc-
3 tion of shallow depth ansatz, energy eigenstate filtration, material phase prediction, neural

w0 network pertaining, and so on [32-38].

s In this work, we propose a quantum machine learning framework for efficient representa-
s tion of molecular wavefunction and accurate computation of molecular energies. The method
23 employs the linear-depth paired Unitary Coupled-Cluster (UCC) with Double excitations

1 (pUCCD) circuit to learn molecular wavefunction in the seniority-zero subspace [39-43|, and

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

s a neural network to correctly account for the contributions from unpaired configurations.
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s We propose an efficient algorithm to compute the expectations of physical observables for

s the hybrid quantum-neural wavefunction, which avoids calculating the overlap between the

(cc)

s quantum circuit state and classical state, or the costly process of quantum state tomography.
s This represents an enhancement of scalability over the previously proposed quantum-classical
so hybrid quantum Monte-Carlo method [44]. We name our method as pUNN, which stands
s1 for paired Unitary coupled-cluster with Neural Networks. pUNN retains the low qubit count
s2 (N qubits) and shallow circuit depth of pUCCD, while achieving accuracy comparable to
s3 the most precise quantum and classical computational chemistry methods, such as UCCSD
s« (UCC with single and double excitations) and CCSD(T) (CCSD with perturbative triple
ss excitations). We demonstrate the efficacy of pUNN through numerical simulations of vari-
ss ous diatomic and polyatomic molecular systems, such as Ny, and CH,. To test pUNN in a
s7 real quantum computing scenario, we compute the reaction barrier for the isomerization of
ss cyclobutadiene on a programmable superconducting quantum computer. The results demon-

so strate that the pUNN is highly accurate and noise resilient for a real quantum computing
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61 II. THEORY AND METHODOLOGY
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FIG. 1. A Schematic diagram for the pUNN framework. The pUCCD circuit in the grey
box is the only component executed on a real quantum computer. “GS” denotes Givens-Swap
gate. Meanwhile, the perturbation circuit and the entanglement circuit are processed classically.
Together, the quantum circuit and the neural network serves as an ansatz and are trained jointly

to represent the molecular wavefunction.

s2  In this section, we present our pUNN algorithm and focus on our contribution. General
63 backgrounds, such as the electronic structure problem and the UCC types of ansatz for
s« quantum computational chemistry are briefly overviewed in the Appendix A. We start by

s employing the pUCCD ansatz to represent molecular wavefunction, which is encoded in the

=)}

=3

s parameterized quantum circuit U (5) In the computational basis, the pUCCD circuit state

7 can be expressed as

o

) = axlk) | (1)

k

o

s where |k) represents the occupation of a pair of electrons in the original N-qubit Hilbert

space. For ground state problems, the coefficients a; can be assumed to be real numbers.

=
©

o To correctly describe the configurations outside of the seniority-zero subspace, we add N

~
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7 ancilla qubits to the circuit and expand the Hilbert space from N qubits to 2N qubits. In
2 the expanded 2/N-qubit space, the equivalent state is

@) =) alk)@lk) (2)

k

73 with the two |k) terms now representing the occupation of the alpha and beta spin sectors,
72 respectively. We note that these N ancilla qubits can be treated classically, which will be
s explained later.

7 In the context of quantum circuits, the expanded state |®) is constructed from [¢) using

7 the ancilla qubits and an entanglement circuit E:

@) = E(|¢) @ 0)) - (3)

7s The entanglement circuit E creates the necessary correlations between the original qubits

7 and the ancilla qubits. E can be decomposed into N parallel CNOT gates:

N
E == HCNOTi,i—‘,-N 5 (4)

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

so where each CNOT gate entangles the i-th original qubit with the corresponding i-th ancilla
81 qubit.

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

22 Although |®) has 2N qubits while [¢)) has N qubits, from a quantum chemistry per-

&3 spective, they represent the same state in the seniority-zero space and therefore have the

(cc)

s same energy. We then apply the neural network, acting as an quantum operator N , on
s the quantum state. N is a non-unitary post-processing operator [25] defined in the ex-
s panded Hilbert space. After applying N, the overall state becomes NE (|1) @ [0)). The
&z method is inspired by variational quantum-neural hybrid eigensolver (VQNHE) and it pro-
ss vides exponential acceleration for nonunitary postprocessing in VQE than naive transformed
s Hamiltonian approach [45-47]. The neural network operator N modulates the state |®) as

o0 follows:

N= me k) 1) (il (K| (5)

o where by; is a real tensor represented by a continuous neural network B(k, j), such that by; =
2 B(k, j). To drive NE (J1) ® |0)) out of the seniority-zero subspace, we apply a perturbation
o circuit P to the ancilla qubits at the beginning, diverting the state of the ancilla qubits


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5dd00222b

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Digital Discovery

View Article Online
DOI: 10.1039/D5DD00222B

o |¢) = P|0) from |0)
10) +2 54065 19)
L+ 25006

os where ¢; are small coefficients satisfying > 0 e?- < 1. As aresult, our algorithm is expected

) = P|0) = (6)

s to be resilient to noise [48], making it well-suited for implementation on real quantum devices.
o7 The conservation of the particle number is enforced by the neural network introduced in the
o following. The values of €; and the exact form of P are flexible. The only key requirement
oo for P is that it should have a low circuit depth, which allows efficient simulation of P |0) on
o classical computers. To this end, we adopt a perturbation circuit with single qubit rotation
01 gates 2, for each qubit and the rotation angle is set to 0.2. P produces real coefficients, a
102 desired property for the ground state of the molecular Hamiltonian.

w3 After describing the quantum circuit part, we turn to the neural network structure used
s for B(k,j). B(k,j) accepts the two bitstring k& and j as input and outputs the coefficients
w0s by;. The first component of the neural network is embedding the bitstring |k) ® |j) into a
s vector. We employ a binary representation, where |k) ® |j) is converted to a vector of size
107 2N, with each element being either -1 or 1. The vector x¢(k, j) is then passed through a

108 neural network consisting of L dense layers and ReLLU activation functions
Xi+1 (l{, ]) = ReLU [Wlxl(k’,j) + C,’] . (7)

w9 In the hidden layers, the number of neurons is set to 2K N where K is a tunable integer
uo that controls the size of the neural network. In this work we set K = 2 unless otherwise
m specified. The number of layers L is set to N — 3, proportional to the size of the molecule.
112 The number of parameters in the neural network scales as K2N? considering both the width
13 and depth of the neural network. The computational complexity is also O(K?N?) for each
s input bitstring.

s The final dense layer outputs the desired coefficient by;, before multiplying with the

16 particle number conservation mask m(k, j)
by; = m(k, j) [Wrxp(k,j) +cL] - (8)
17 The mask m(k, 7) is defined as

. 1 if szl = N, and ZZ]Z :Nﬁa
m(k, j) = (9)

0 otherwise,
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s where N, /g is the number of spin up/down electrons. The mask eliminates configurations
o |k) ® |j) that do not conserve the number of spin up and down electrons.

120 To summarize, the overall wavefunction is given by
W) = NE(0(8) 0) @ P10)) . (10)

12 which consists of four components: the pUCCD circuit U (5), the perturbation circuit P,
122 the entanglement circuit E and the neural network N. The next challenge is to measure
123 the expectation value of the physical observables such as the energy based on Eq. (10),
12« which is highly nontrivial without resorting to quantum tomography or incurring exponential
12s measurement overhead. Without an efficient measurement protocol, the pUNN approach
126 could be rendered impractical. Besides, in quantum computational chemistry, the number
127 of measurements required to estimate expectation values is a key indicator of efficiency for
1 variational algorithms like pUNN. In fact, the ansatz represented by Eq. (10) is carefully
129 designed in such a way that an efficient algorithm for computing expectation values is
130 possible.

1 Since |U) is not normalized, the energy expectation is

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.
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122 Here we outline the key points of the measurement protocol that enables the computation of

15 both (U|H|¥) and (U|¥) using the measurement outcome of the quantum circuit U(6) |0)

(cc)

13 and the output from the neural network. The full measurement protocol is provided in
135 the Appendix B. For brevity, we assume there is only a single Pauli string in H, and the
136 summation over many Pauli strings can be handled straightforwardly. We also note that
137 the estimation of the norm (W|¥) can be considered as a special case when H=1.
1 To perform the measurement, we transform the Hamiltonian H and the neural network
1w N with E

(U|H W) = (¢ @ ¢| (EWE) (ETHE> (ETNE) W ® ) . (12)
1w Since E is a Clifford circuit, H' = EVHE is also a Pauli string. Additionally, since Eis
w1 composed of CNOT gates, it reversibly maps one bitstring to another, rather than a linear

12 combination of bitstrings. Specifically,

E(k) @15)) = k) @ |k @ j) . (13)

7


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5dd00222b

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Digital Discovery

View Article Online
DOI: 10.1039/D5DD00222B

s The transformed neural network N = ETNE is

= by k) [k @ j) (k@ j] (k| = ZbkkEBJ k) 17) Gl (k- (14)
kj

1w N is thus formally the same as N but with a permuted index for the coefficient b.

s After the transformation, the entanglement circuit £ is removed from Eq. (12)
(PH|T) = (v @ o NTH'N'[v @ ) . (15)

s Eq. (15) corresponds to the measurement of N''H’N’ on two unentangled circuits [¢)) and
wr |¢). If N is absent or if N’ = I, the measurement of H can be performed efficiently by
1is measuring the two separate circuits [¢) and |¢). In Appendix B, we show that, by carefully
19 designing the measurement circuit, N’H'N’ can also be measured by separate measurement
150 of |1p) and |¢), with a constant overhead. Therefore, the evaluation of (¥|H|¥) is cast into
151 the separate measurement of |¢)) and |¢). Since |¢) is designed to be a shallow circuit that
12 can be efficiently simulated classically, the only circuit that needs to be executed on real
153 quantum devices is the pUCCD circuit [1). Nonetheless, the number of terms to measure in
15« the Hamiltonian increases from N? in the pUCCD circuit to N* for more general electronic
155 structure problems. Thus, in terms of measurement shots, the pUNN method is as efficient
156 as other quantum computational methods such as UCCSD , but with significantly reduced
157 circuit depth and higher accuracy. Compared with Entanglement Forging [49], which utilizes
158 classical sampling to recover the entanglement between two sub-systems, our method encodes
159 the entanglement between two sub-systems into H and N and avoids excessive sampling.
1o A schematic diagram of the pUNN framework is depicted in Fig. 1. In the whole algo-
11 rithm, only the pUCCD circuit within the grey box in dashed lines is executed on quantum
12 computers, which allows pUNN to maintain the N-qubit requirement for the computation
163 instead of 2N. The perturbation circuit and entanglement circuit can be efficiently pro-
164 cessed on classical computers. The measured bitstring of the composite circuit is fed into
165 the neural network for B(k, j), which is then used to adjust the measurement outcome. The
166 entire ansatz is then set up in a VQE workflow, where both the parameters in the quantum
167 circuit and the neural network are trained to minimize the molecular energy. This process
1s Ultimately yields the ground state through the variational principle.

10 In the noiseless simulation described in Sec.III A, we use the L-BFGS-B algorithm to

170 optimize the parameters in the quantum circuit. For circuit optimization on real quantum

Page 8 of 32
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i hardware, we employ the SOAP method [50]. For both the noiseless simulations and the
172 experiments on quantum computers, the neural network is trained using the AdaMax opti-
173 mizer [51], a variant of the widely adopted Adam optimizer. The optimizer begins with a
s learning rate schedule of & = 0.01, b; = 0.8 and by, = 0.99. The learning rate decays linearly
175 to a = 0.001 between the 8000th and 32000th steps. This learning rate schedule helps ensure
176 stable convergence by gradually decreasing the learning rate as the training progresses. For
177 noiseless simulation, the maximum number of steps is set to 64000. A summary table for
s the hyper-parameters can be found in the Supplementary Information. For the noiseless
179 simulation, we initialize the neural network with five different random seeds, and the lowest
180 energy found across these seeds is reported. For quantum circuit manipulation, including
11 both noiseless and noisy emulation as well as interfacing with real quantum hardware, we use
182 the TensorCircuit framework [52]. General quantum computational chemistry tasks, includ-
183 ing Hamiltonian construction, reference value calculation, and parameter optimization are
18 handled by TenCirChem [53], a specialized package built on top of TensorCircuit designed
185 for quantum computational chemistry. TenCirChem also relies on PySCF for evaluating the

18 integrals and performing calculations based on classical computational chemistry [54].

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

17 11I.  RESULTS
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188 A. Accuracy and Scalability

(cc)

1o We first compare the accuracy of pUNN with other quantum computational methods
o in Fig. 2. For this comparison, we perform noiseless numerical calculations on molecular
11 systems corresponding to 8 spatial orbitals and 16 qubits. The basis set employed is STO-
12 3G and the 1s orbitals are frozen. The exact geometries of the molecules are reported in
103 the Supplementary Information. The full configuration interaction (FCI) energy for these
10e molecules is computed as the reference energy. As shown in Fig. 2, the standard pUCCD
15 approach improves over the HF method but consistently shows the highest error across all
1s molecules. The results indicate that the neglect of configurations outside of the seniority-zero
107 subspace limits the accuracy. The orbital optimization pUCCD (0o-pUCCD) method [42,
108 55, 56| reduces the error to a modest extent for most molecules, except for Ny and CO, where

190 the errors of pUCCD and 0o-pUCCD are comparable. This demonstrates the limitation of
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200 00-pUCCD, as it still assumes electron paring. The UCCSD method, known for its high
o0 accuracy, performs well across the board. However, UCCSD requires 2N qubits for N
202 molecular orbitals and has a very deep circuit, which is computationally expensive. The
203 typical circuit depth of UCCSD for these molecules is approximately 1000. Our proposed
20 PUNN method stands out as the most accurate approach for the majority of the molecules
205 studied. In the meantime, pUNN uses only N qubits for N molecular orbitals, and its
206 circuit depth is the same as the circuit depth of pUCCD. In contrast to UCCSD, the circuit
207 depth of pUNN is approximately 20. pUNN frequently achieves or approaches the chemical
208 accuracy threshold of 1.6 mHartree, as indicated by the shaded area on the graph. By
200 comparing pUNN and pUCCD, we find that, the mean absolute error (MAE) decreases
210 from 51.9 mHartree for pUCCD to 0.6 mHartree for pUNN. This corresponds to a reduction
an in error by two orders of magnitude. The MAE of pUNN is comparable to the MAE of
212 UCCSD, which is 1.9 mHartree.

s HF | pUCCD 00- pUCCD - UCCSD IEI pUNN

1071
H
é 103}
g
=)
=00k

NH; Average
Molecule

FIG. 2. Compare the accuracy of pUNN with other quantum computational chemistry methods.
The 1s orbitals are frozen and the reference energy is FCI. The shaded area indicates the chemical

accuracy.

a3 In Fig. 3 we compare the error of pUNN with several classical computational methods.
24 The doubly occupied configuration interaction (DOCI) method is the classical counterpart
215 of the pUCCD method since it also assumes electron pairing. Based on the results in Fig. 2
a6 we can expect DOCI will perform poorly, which is confirmed by the data in Fig. 3. The
27 second order Mgller—Plesset perturbation theory (MP2) improves over DOCI, particularly
218 for diatomic molecules. This suggests that including the configurations with singly occupied

210 orbitals is crucial for accurately describing the molecular wavefunction. The coupled-cluster

10
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20 methods, CCSD and its perturbative extension CCSD(T), are considered some of the most
21 accurate techniques in quantum chemistry. Both CCSD and CCSD(T) demonstrate high ac-
22 curacy, with CCSD(T) achieving chemical accuracy for most of the molecules studied. When
223 comparing pUNN to these classical methods, we find that pUNN achieves accuracy compa-
24 rable to that of CCSD(T), indicating that pUNN is a high-accuracy method for quantum

225 chemistry calculations.

I HF B DOCI MP2 B CCSD EEE CCSD(T) 23 pUNN

Error (Hartree)

BH; NH; CH, NH} N, Co Averag
Molecule

[e}

FIG. 3. Compare the accuracy of pUNN with other classical computational chemistry methods.

The 1s orbitals are frozen and the reference energy is FCI. The shaded area indicates the chemical

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

accuracy.
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26 We next investigate the factors that determine the accuracy of the pUNN method.
27 Fig. 4(a) compares the accuracy of pUCCD and pUNN methods against the size of hy-
26 drogen chain molecules (H;", Hg, H;", and Hy) for two different bond lengths (d = 1.0 A and

(cc)

2 d = 2.5 A). The results clearly demonstrate that pUNN consistently outperforms standard
20 pUCCD, achieving lower error across all molecule sizes and bond lengths. Notably, pUNN
»n maintains high accuracy even as the molecule size increases especially for the longer bond
222 length of 2.5 A. When d= 1.0 A, the errors of pUNN seem to fluctuate when the system
23 size varies. However, the magnitude of the fluctuation, in the order of 10~* Hartree, is
21 well below the chemical accuracy threshold and thus insignificant. Fig. 4(b) showcases the
235 impact of neural network size on the error of pUNN for various molecules. The x-axis repre-
23 sents the neural network size K, and the number of hidden neurons is 2K N where N is the
2 number of molecular orbitals. The atomic distance in Hg is d = 1.0 A. As the network size
238 increases from 2 to 8, there’s a clear trend of a logarithmic decreasing error for all molecules.

20 Most molecules achieve chemical accuracy (indicated by the shaded area) with larger neural

11
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20 networks, with NH; and BH;3 showing particularly significant improvements in accuracy as
on the network size grows. Although molecules studied here are still much smaller than those
22 encountered in practical chemistry problems, the promising scaling shown in Fig. 4(a) sug-
213 gests that pUNN has the potential to accurately learn the wavefunction of complex chemical

244 Systems.

(a) Error vs. Size of Molecule (b) Error vs. Size of Neural Network

D T T yo————"- ¥ ‘ ‘
g 107%r 1—m— pUNN 0 —a— NH,
= d=104A £ —¥— BH;
E 10tfp———F—" " ——y % [UNN = CH,
= dU:CQC-5DA 5 —— NH}
@ et
| L. fas 8 B
= -¥- pUCCD
U : ‘ . d=25A ‘ ‘ ‘ Hs

Hy He HE Hg 2 4 6 8

Molecule Neural Network Size K

FIG. 4. Factors for the accuracy of the pUNN method. (a) The error of pUNN versus the size
of the molecule under study. (b) The error of pUNN versus the size of the neural network K.
The number of hidden neurons in the neural network is 2K N where N is the number of molecular

orbitals. The shaded area indicates the chemical accuracy.

2s  We finally test the accuracy of pUNN based on cubic Hg molecule at different H-H distance
us d. The system is particularly challenging due to the strong correlation as d increases. In
27 Fig. 5(a) we show the potential energy profile computed by both pUNN. As expected, pUNN
2s shows much higher accuracy than other methods. From d = 0.5 A to 2.5 A pUNN coincides
29 well with the FCI solution. For reference, we also include the CCSD method, which shows
0 high accuracy at intermediate d. However, due to its single-reference and non-variational
21 nature, the error of CCSD quickly increases as d becomes larger than 1.5 A and it fails
252 to reach convergence for larger d. CCSD(T) is not expected to improve CCSD when it
253 fails because CCSD(T) relies on good CCSD wavefunction to account for perturbative triple
24 excitation. Thus, although the 16 qubit system represents a relatively small variational
255 space compared to challenging strongly correlated systems [57, 58], it is sufficient to reveal
256 the limitations of methods like CCSD, which fail in strongly correlated regimes, while pUNN
257 maintains relatively high accuracy. In Fig. 5(b) we depicted the error of the methods in

258 logarithmic scale. All methods except pUNN show an increase in error as d increases. The

12
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29 maximum error for pUNN appears at d = 1.7 A and the magnitude of the error is 1072
0 Hartree. The relatively large error highlights the complexity of the cubic Hg molecule. We
1 anticipate that integrating alternative quantum circuits into our pUNN framework, such as
22 those based on valence bond theory [59], could enhance accuracy in strong correlation. The
263 UCCSD method is also included in Fig. 5(b). While UCCSD shows high accuracy at smaller
a4 d, it suffers from significant error at the large d limit, similar to CCSD. We perform additional
s benchmarks for strongly correlated systems based on the potential energy profile of N, and
266 CHy and the trend is similar to Fig. 5(b). The results are included in the Supplementary

267 Information.

(a) Energy
\ =\
~ =1 1
: \ £ 107k
_ .
= 1072}

\% 10-3F
—4k ]

0.5 1.0 1.5 2.0 2.5 0.5 1.0 1.5 2.0 2.5
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(b) Energy Error
100 ' '

Energy (Hartree)
Lok
Error (Hartree
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FIG. 5. Benchmarking pUNN based on the potential energy profile of cubic Hg. (a) The potential

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

energy profile of cubic Hg by different computational methods. (b) The error compared with the

(cc)

exact solution versus the H-H distance in the Hg cube.

x%s  In Table I, we present a breakdown of parameters for hydrogen systems studied in Fig. 4
0 and in Fig. 5, comparing pUNN with FCI. For pUNN, the pUCCD circuit has O(N?)
o0 parameters, while the NN has O(K?N?2L) parameters, with K = 2 and L = N — 3. From
on Table I, pUNN’s total parameters grow polynomially with /N, while FCI’s determinant space
a2 grows exponentially. For Hg, pUNN uses fewer parameters than FCI, and achieves high
273 accuracy across both weak and strong correlation, as shown in Fig. 4(a) and Fig. 5. As our
o7 main contribution is the novel and unique quantum-neural hybrid framework, our choice
a5 of a dense MLP for the neural network is a proof-of-concept. More efficient architectures,
a6 such as restricted Boltzmann machines or graph neural networks, could further optimize

278 pUNN [60, 61],

13
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TABLE I. Parameter Counts for pUNN and FCI for Hydrogen Systems

System FCI Determinants NN Parameters pUCCD Parameters

H 100 661 6
He 400 1537 9
Ht 1225 2885 12
Hy 4900 4801 16
Ha,  [(20)1/(n)2]? 1280 — 208n% — 16n + 1 n?

279 B. Experiments on a Superconducting Quantum Computer

20  To evaluate the performance of pUNN in a real quantum computing scenario, we conduct
281 experiments on a superconducting quantum computer. We choose the isomerization reaction
22 of cyclobutadiene as our model system, as shown in Fig. 6(a). The transition state of this
263 system is particularly challenging due to strong correlations arising from degeneracy [19, 62].
284 In this reaction, the reactant and product are identical molecules, with a 90-degree rotation
25 between them. The electronic structures of the reactant and the product are considerably
286 simpler than that of the transition state. Therefore, in the following analysis, we focus on
27 the transition state, and calculate the reaction barrier by subtracting the exact energy of

288 the reactant and product from the energy of the transition state.

20 We employ the cc-pVDZ basis set [63] for HF calculation and select the four frontier
200 orbitals as the active space. Using the paired ansatz, the active space is represented by a 4-
201 qubit quantum circuit, with four parameters corresponding to four double excitations. The

202 superconducting quantum chip used in this work consists of 13 qubits. Since the Givens-

©

203 Swap gate is not a native gate on this chip, we carefully select 4 qubits from the 13-qubit
200 system, which follows a ring topology, as shown in Fig. 6(d). This selection allows us to
205 implement all four excitation operators using only Givens rotation gates, eliminating the

206 need for the more expensive swap gates, which would otherwise require 3 CNOT gates. The

©

207 Givens rotation gates should be further compiled into 4 native CNOT gates, along with

208 several single-qubit gates. To reduce circuit depth, we introduce an approximation that

©

200 breaks the symmetry and removes the control qubit of the controlled R, gate [64]. The

14
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s00 Tesulting circuit does not conserve the total particle number anymore but the overall error
so0 could be smaller than the gate error by 8 additional CNOT gates, especially when some of
s2 the rotation gates have small rotation angles. Each Givens rotation gate is thus compiled
03 into 2 CNOT gates, resulting in a total of 8 CNOT gates in the circuit. Standard readout
s+ error mitigation based on a direct product calibration matrix is applied to enhance the
305 precision.

s We obtain the circuit parameters by optimizing the pUCCD Hamiltonian on this chip
s07 using the SOAP optimizer [50], which is an efficient optimizer tailored for parameter op-
s8 timization on quantum circuits. Next, we train a neural network based on the sampling
0 output from the optimized quantum circuit. In Fig. 6(b), we report the energy estimates
s10 during the optimization process. Sampling from the quantum circuit occurs every 30 steps,
sn with the macro iteration performed 15 times, for a total of 450 iterations. The number of
a2 iterations is determined by trial classical simulation, which ensures convergence. For each
;13 quantum circuit, we perform 1024 shots of measurement for each Pauli string. The opti-
s1e mization is repeated with three different neural network initializations and the lowest energy

a5 is employed for reaction barrier calculation.

s6  As shown in Fig. 6(c), the reaction barrier predicted by pUNN on the quantum circuit

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

w7 is approximately 16 kcal mol™'. While this value is still higher than the experimentally

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

318 reported range of 2 ~ 10 kcal mol ™" [65], it represents a notable improvement over the HF

si9 and MP2 energies, and is comparable to the noiseless UCCSD prediction. When using a

(cc)

320 noiseless pUNN model, obtained via a statevector simulator, the predicted reaction barrier is
sz around 9 kcal mol ™, which aligns well with the FCI results and experimental observations.
322 This highlights the importance of addressing errors introduced by quantum circuit gates
23 and measurement uncertainties. In particular, the neural network parameters with quan-
224 tum computers are different from the neural network parameters with noiseless simulation.
25 We conjecture that pUNN(quantum) predicts a higher energy because the neural network
326 parameters are stuck in a local minimum. To improve the performance of pUNN in the
27 presence of these errors, advanced optimizers, such as KFAC [18, 66], could be considered.
»s Yet adaption of the KFAC optimizer will likely be necessary due to the unique algorithmic
29 structure of pUNN.

10 Next, we investigate the advantage of incorporating quantum computing into the pUNN

sn framework. Since neural networks are widely known for their effectiveness across a variety

15
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FIG. 6. Experiments on a superconducting quantum computer. (a) The isomerization reaction
of cyclobutadiene, with the transition state energy calculated using pUNN on a superconducting
quantum computer. (b) The estimated energy during the optimization process. Results by three
independent random initializations of the neural network are shown. (c) The computed reaction
barrier from pUNN, compared with results from several other computational methods. “Exper-
iment” means the reaction barrier calculated by experimentally observed chemical reaction rate.

(d) The 13-qubit superconducting quantum chip and the quantum circuit used for the calculation.

of tasks including representing molecular wavefunction, it is important to assess whether
a quantum circuit is truly necessary for this framework. To explore this, we replace the
pUCCD circuit in pUNN with a Hadamard superposition circuit, where Hadamard gates
are applied to all qubits. The Hadamard superposition circuit can be easily emulated on
classical computers and can be considered as a “dummy” sample generator when used to
compute the energy with the neural network. To isolate the impact of quantum gate noise,
we perform the comparison using a shot-based classical emulator which is free of gate noise.
We use the transition state of the cyclobutadiene isomerization reaction as our model system.
As shown in Fig. 7, replacing the pUCCD circuit with a Hadamard superposition leads to
a noticeable decrease in accuracy, along with a significant increase in energy variance. In

fact, for large molecules, a Hadamard superposition circuit greatly reduces the probability

16
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a3 of sampling the dominant configuration, making it less effective for energy estimation. In
saa contrast, the pUCCD circuit provides a suitable starting point for further refinement through

us neural network training, demonstrating the advantage of quantum computing in this context.

A T
—— pUCCD circuit

%\ —153.60 1—— All H circuit
— —153.62 1
>
=10}
g
A

—153.64 i

10! 10?

Iterations

FIG. 7. Energy estimates during neural network training with different quantum circuits. This
figure illustrates the effect of quantum circuits on energy estimation within the pUNN framework:
(1) the pUCCD circuit, which is the circuit used throughout this paper, and (2) the Hadamard
superposition circuit, where Hadamard gates are applied to all qubits, creating a superposition of
all possible states. The standard deviation across five different neural network initializations is

shown as the shaded area.

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.
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(cc)

sz The pUNN framework combines an efficient quantum circuit with the expressive power of
us a neural network to accurately and robustly compute molecular energies. Through a care-
a9 fully designed algorithmic structure—including the pUCCD circuit, entanglement circuit,
30 perturbation circuit, and neural network augmentation—the method achieves high accuracy
31 with low quantum resource requirements, utilizing only N qubits instead of the 2N qubits
352 typically required by comparable methods. The incorporation of a neural network allows
153 the framework to mitigate errors effectively, making it robust to gate noise and capable of
54 delivering consistent accuracy on noisy quantum hardware. The design also ensures manage-
5 able measurement overhead for the interaction between the quantum circuit and the neural
36 network.

7 Extensive numerical benchmarks demonstrate that pUNN achieves accuracy compara-

s ble to advanced methods like UCCSD, while being more resource-efficient and scalable to
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50 larger molecular systems. Experimental validation on a superconducting quantum computer
w0 demonstrates the practicality of this approach. With a 4-qubit quantum circuit, pUNN
1 successfully computes the transition state energy of cyclobutadiene isomerization, yielding
;2 energy estimates with accuracy comparable to noiseless UCCSD. Based on this model re-
33 action, we also demonstrate that the quantum circuit plays an indispensable role in the
ss hybrid framework, as replacing it with a neural network alone leads to a higher error and,
s crucially, a significantly larger variance in energy estimation. This observation serves as an
16 evidence for the advantage of this hybrid design than pure classical neural networks, where
s7 the quantum circuit reduces the representational burden on the neural network. Thus, we
w8 expect that pUNN is able to demonstrate quantum advantage as we tackle larger systems

30 Where classical simulation of the pUCCD circuit becomes intractable.

s While this work focuses on closed-shell systems, the pUNN framework can be directly
sn extended to open-shell systems by modifying the particle number conservation mask in the
s neural network. However, since the pUCCD quantum circuit may not accurately approx-
i3 imate open-shell wavefunctions, further adaptations will likely be necessary to maintain
s accuracy for open-shell systems. Future work could enhance the neural network architec-
srs ture by incorporating more sophisticated neural layers with physical insights. Additionally,
we pretraining the neural network on a diverse set of molecules offers a possible avenue for

s creating a generalizable model that can be fine-tuned for specific systems.

sz APPENDIX A: THE ELECTRONIC STRUCTURE PROBLEM AND THE pUCCD

390 ANSATZ

0 In this work, we are interested in the second-quantized ab initio electronic structure

331 Hamiltonian

N e 1 e
H = Z hpqa;;aq + 3 Z hpqrsa;aga,,as + Eoue, (16)
P pars
w2 where hyg and hygs = [ps|qr] are one-electron and two-electron integrals, and af,a, are

33 fermionic creation and annihilation operators, respectively, acting on the p-th spin-orbital.

s« In order to compute the expectation of Eq. (16) on a programmable quantum computer,

ss the symmetry of the creation and annihilation operators has to be taken care of. Creation

18
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36 and annihilation operators for fermions obey the anticommutation relations
{a:,al} = 0;
af oy = fa. 4l =0
{a’i7aj} ={a;, a;} =

%7 On the other hand, the qubit creation operator éf = %(X — 1Y) and annihilation operator

(17)

% ¢ = (X 4 1Y) obey the commutation relations
{eély =0y, [el,él] = e, ¢] =0 (18)

39 In this work, when necessary, we employ the Jordan-Wigner transformation to map fermionic
30 ladder operators into qubit operators

s In general, UCC types of ansatz can be written as

MOES | Caop (19)
12 Here, |¢) is the Hartree-Fock state. For the UCCSD method, Gy has the form

G — a;[)aq —h.c, (20)

&;&fldrds —h.c.
13 pUCCD is an efficient ansatz requiring only O(N) circuit depth and half as many qubits
304 as other UCC ansatze [39, 40]. pUCCD allows only paired double excitations, which enables

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

305 one qubit to represent one spatial orbital instead of one spin orbital, and removes the

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

36 need to perform the fermion-qubit mapping. The subspace in which all states have paired

37 configuration is called the seniority-zero subspace. In this subspace, there are O(N?) double

(cc)

38 excitations, which can be executed on a quantum computer efficiently using a compact
399 circuit. The circuit is composed of a linear depth of Givens-SWAP gates, assuming linear
a0 qubit connectivity [40]. In the seniority-zero subspace, the Hamiltonian also takes a simpler
a1 form, with only N? terms:

H =" "hyehe, + > vpghog + Y wpeehéplly + Bune | (21)

P Pq p7q

w2 where h, = 2h,,, v,y = (pglpg) and w,, = 2(ppleq) — (pq|pg). Here p and ¢ are indices for
a3 spatial orbitals. If we use n, = é;ép = % to denote occupation number operator, Eq. (21)
a4 can be converted to a sum of Pauli string where the maximum length of Pauli string is 2.
s Meanwhile, the first and the third term in Eq. (21) have only Z terms and the second term
a6 will contribute to XX and YY terms. Thus, the expectation of Eq. (21) can be measured

w07 in 3 different bases, regardless the number of qubit involved.
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s V. APPENDIX B: THE MEASUREMENT PROTOCOL FOR pUNN

w0 To begin with, we describe the measurement protocol when a single quantum circuit
a0 18 integrated with a neural network, following the reference [25]. Then, we move on to
a1 our measurement method that enables efficient measurement of two separate circuits in the
a2 pUNN algorithm, defined in Eq. (15). In the following, for clarity, we omit the prime symbol
a3 for both H' and N, since H’ is Pauli string similar to H, and N’ follows the definition of
s N in Eq. (5).

as  A. A single quantum circuit

a5 For asingle circuit |1) = 37, ax |k), where |k) is the computational basis, N is written as
N => blk) (k| . (22)
k

a7 We then focus on deriving an appropriate form of NHN. We assume that both |1) and
as N are real-valued. We first derive the measurement protocol for the norm of W) = N [v),
a0 given by

(U[W) = (Y|NTN[p) (23)
420 where

NIN = "0} [k) (k| . (24)

a1 Clearly, the eigenvectors of NN are |k) and their eigenvalues are b7. To compute the
22 norm, we sample bitstrings from |¢)) and multiply the probability of k& by b?. For efficient
»3 sampling, b, should not be too large or small. In other words, a; must provide a good
a2 first-order approximation to the ground state. The same is also true for our measurement
a5 protocol for 2 circuits and it highlights the role of the quantum computer in this framework.
s Next, we consider the measurement of a Pauli string H. The main focus is to derive

o NTHN. In general, a Pauli string H can be written as
H=2_ Sylk) k| , (25)
k

28 where the summation is over k rather than k and k. In other words, applying the Pauli

w0 string H on k) will produce only one bitstring |k) up to a phse S;,
H |k) = Si |k) - (26)
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w0 Since H? = I, we also have H |k) = S |k) and S; Sy = 1.
@ Let’s first consider the case where H has only Z operators, i.e. |k) = |k). In this case,

432 the term to measure is

NTHN = S |k) (k| . (27)
k

s Eq. (27) is similar to the expression for NTN in Eq. (24). As a result, the measurement
a3 protocol when H only involves Z operators is very similar to the procedure for measuring
a35 the norm of the state.

a3 Now, consider the general case where H includes at least one X or Y operator, where it

w7 is ensured that |k) # |k). In this case, we can rewrite H as
=3 (S 1K) Gl + Sg1R) (k) (28)
ke

s where Q = {k|bin(k) < bin(k)} and bin(k) refers to the corresbonding binary integer of k.

a0 The Hamiltonian transformed by N is given by

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

NTHN = " bbpHy (29)
keQ
40 wWhere
H,y, = Sk |k) (k| + Sy |k) (K| (30)

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

w To measure NTHN , we need to derive the eigenvectors of Hy,. H, is defined by two basis

(cc)

w2 |k) and |k) and therefore Hj, has two eigenvectors with eigenvalues +1 and -1. Denote the

w3 two eigenvectors as |kT) and |k~), we can then write Hj, as
Hy = k%) (K¥| = [k7) (k7 (31)
sa In the computational basis, [k*) and |k~) are written as

V2[kT) = Sp|k) + k) = (Hi + 1) k) |
- . (32)
V2[k™) = Sy lk) — k) = (He = 1) |k)

as These eigenvectors have eigenvalues +1 and —1, respectively. The neural network trans-

a6 formed Hamiltonian is then

NN =37 biby (1K) (] = 157 (7)) (33)

keQ
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wr To perform the measurement in the |k*) and |k~) bases, we append a unitary measure-

s ment circuit V' to the original quantum circuit [¢). V satisfies

VHE) = k%)

) (34)
VHE) = |k7) |

wo for any k € Q. The unitary property can be proven by considering (k'|VV|k) or by noting
w0 that V' is a permutation between two sets of orthonormal basis states. The construction of
s the transformation circuit V is a standard procedure in quantum computation, because 1%
s52 18 a circuit that diagonalizes the Pauli string H. If the number of X and Y operators in H
w53 18 m, then the number of two-qubit gates in Vism—1.
s+ To summarize, the quantum circuit used for the measurement is V |1}, and the term to
455 TNEasure is

VNTANVT =Y by <|k) (k| — |k) </%|> . (35)

keQ

56 The expectation value of this term is readily accessible from the quantum circuit 1% |1) by

57 performing a projection measurement in the computational basis.

s B. Two separate quantum circuits

o If we take the two separate quantum circuit |1 ® ¢) as a whole, the measurement protocol
w0 developed in Sec. V A can be applied to measure the expectation when a neural network is
w1 integrated with |¢) ® ¢). However, in this case, the unitary transformation for measurement
w2 V' will generally entangle the two originally unentangled quantum circuits. This results
w3 in a quantum circuit of 2N qubits. If we wish to avoid this entanglement and measure
w4 the expectation using two separate quantum circuits, a special measurement procedure is
a5 needed. This procedure will be described in the following.

ws  The total wavefunction is expressed as:
¥) =Ny ®¢) . (36)

s7 In the pUNN framework, |¢) is the pUCCD quantum circuit, and |¢) is the perturbation
a8 circuit to be simulated classically. However, the procedure outlined below is general and can

w0 be readily applied to other cases involving uncorrelated circuits.
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470 Consider Hamiltonian in the form:

g H=H,®H,, (37)
g; an where ﬁw and ]:I¢ are Pauli strings for the two separate circuits. If either of ﬁd, and ]:I¢
2 a2 does not contain X or Y, the measurement procedure simplifies to the standard approach
[32]

%3 as described in Sec. V A. Therefore, we will focus on the general case where both H, and H,
£ . .

§ s contain X or Y. Similar to Eq. (26), Hy and H satisfy the following relations:

g _

5 Hy k) = Sp[k)

E - (38)
1,13) = ;17

]

§ ws Here, H, and H, act independently on the circuit |1)) and |¢), transforming the states |k)
(-) ~ ~

% as and |j) into |k) and [j), with corresponding signs S;, and S;.

g «7  The eigenvectors of H are given by

o

E 2[k%) |7%) = (S 1) £ 1K) ) (55 13) £13) - (39)
§ w8 where we again require k € 0y, and j € €2, to avoid double-counting. In the following, we
E a0 use k, j € () as a short-hand notation for the condition.

'_

w0 The Hamiltonian in the computational basis is

Open Access Article. Published on 28 July 2025. Downloaded on 8/3/2025 5:18:01 PM.

=3 (Sclk) G+ Se 1Ry ) © (55 19) G+ 5510 ()

.? k,jeQ
= > (S5 ko) (R 31+ 535 1R, 3) (. 1) (40)
k,jeQ
3 (S5 ) Gl + S8 1) (R,
k,jeQ

w1 After applying the transformation N, the transformed Hamiltonian becomes
NN = 7 by (S5 [k, 5) (k. J1 + 555 k. J) (k. 1)
kjeQ

+ D bugbi (S5 k. 5) (Rl + S8 1R 3) (k) -

k,jeQ

(41)

w2 The structure of NTH N remains similar to H , but the terms are now weighted by the neural
a3 network coefficients by;. Eq. (41) is more complex than Eq. (29) since each term can not

a4 be readily factored into the direct product of operators acting on the two separate circuits.
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485 Consequently, finding a measurement circuit that diagonalizes Eq. (41) without introducing
s entanglement between the two circuits is not straightforward.

w7 To proceed, it is instructive to consider a 2-qubit system and with the Hamiltonian
w H = XX as an example. In this case, we can express the neural network transformed

40 Hamiltonian as:
NTHN = booby1(]00) (11] + [11) (00]) + bo1bio(|01) (10] + [10) (01])
1 1
= §boobn(XX -YY)+ §b01b10(XX +YY) (42)

1 1
= 5(500511 + bo1b1o) X X + 5(—500511 + bo1b1)YY .

a0 Thus, to measure the expectation value of X X in the presence of a NN, one needs to measure
201 both XX and YY to avoid measurement circuit that entangles the two separate circuits.

w2 More generally, consider a Hamiltonian J = jw ® qu such that (as in Eq. (38))

Ty |j) =iS5]5) -

w3 J can be constructed by replacing an X operator with —Y or a Y operator with X in sz

a0 and f]¢. The eigenvectors of J are
2k5) |7%) = (i 1K) = [8) ) (i85 13) £ 1)) - (44)
a5 We define short-hand notation for the projectors
hi; = 1) (K (45)

w5 which form the diagonal bases for H and J. The first term of NTAN from Eq. (41) is then

407 transformed to:

SkS; |k, j) (k. j| + ;.55 |k, 7) (k. |

Loy 5o ht _ hT Loiv _in pit _ pi— (46)
:§(hk_hk)®(hj_hj>_§(hk _hk)®(hj _hj)'
a8 Similarly, the second term becomes
SiSj k,3) (k. | + S2.5; |k, 5) (K, J]
Loy 5o bt - Lo 7im pit _ pi— (47)
:§(hk_hk)®(h’j_hj)+§(hk _hk)®(hj _hj)'
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o The overall expression for NTHN is
e 1 N .
NTHN = ) | 5 (bisbi + bigbiy) (i — hig) @ (hf — )
ke

1 Dit i Dit i
+ ) 5 (Zokibis + bigi;) (" = hi7) @ (B5T = hy7)
k

LJEQ

(48)

so0 One may verify the equation by setting b = 1 and N becomes I. In this case, the second
s term vanishes and the first term reduces to the original Hamiltonian H. In BEq. (48), the
se2 operators are factored into the direct product of operators acting on the two separate circuits.
s03 Consequently, they can be diagonalized to the computational basis separately following the
soa approach discussed in Sec. V A.

sos  Thus, in order to measure the expectation in Eq. (15), one has to sample bitstrings from
s0s both H and J and calculate the expectation following Eq. (48) accordingly. In the framework
sor of pUNN, we first sample bitstrings that correspond to izf and fﬁf on quantum computers,
sos and then sample bitstrings that correspond to izji and ﬁ;i on classical simulators. Then
so0 we query the neural network B for by ;, and finally calculate the expectation based on the

s10 sampling statistics and the output from the neural network.
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